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Abstract 

Two quantum Hopf structures for the Schrodinger algebra as well as their 
corresponding differential-difference realizations are presented. For each case 
a (space or time) discretization of the Schrodinger equation is deduced and 
the quantum Schrodinger generators are shown to be symmetry operators. 
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1 A space discretization of the Schrodinger equa- 
tion 



The (l + l)-dimensional Schrodinger algebra [|T], Q S is generated by the time transla- 
tion P, space translation P, Galilean boost P, dilation D, conformal transformation 
C and mass operator M. The non-zero Lie brackets of S are: 

[D,P] = -P [D,K] = K [K,P} = M [K,H]=P 

[D, H] = -2H [D, C] = 2C [P, C] = D [P, C] = -P. 1 > 

The usual differential realization of the Schrodinger generators in terms of the time 
and space coordinates (t, x) and two constants a, m, is given by: 

H = d t P = d x M = m K = —td x — mx , , 

D = 2td t + xd x -a C = t 2 d t + txd x - at + fx 2 . ^ ' 

The heat /Schrodinger equation (SE) can be obtained from this representation as 
the Casimir E = P 2 - 2MH of the Galilei subalgebra {K, P, P, M} of S: 

(d 2 x -2md t )(f>(x,t) = 0. (1.3) 

We say that an operator S is a symmetry of P if S transforms solutions into solutions: 
(ES)4>(x,t) = (AS)(j)(x,t), where A is another operator. The Galilei generators are 
symmetries S of the SE with A = S. The dilation is also a symmetry, since ( |1 . 1| ) 
implies that [E, D] = 2E. Finally, we compute [E, C] = -{KP + PK + 2MB) and 
by introducing the representation (1.2) with a = —1/2 we obtain that [E, C] = 2tE. 

Let U < f\S) be the quantum Schrodinger algebra || whose (nonstandard) clas- 
sical r-matrix is r = zP A (P + \M)\ its coproduct and commutators are 

A(P) = 1 ®P + P® 1 A(M) = 1® M + M® 1 
A(P) = \®H + H®e~ 2zP 

A(P) = 1 <g> K + K <g> e zP - zD' ® e zP M (1.4) 
A(P) = \®D + D®e zP + \M® (e zP - 1) 

A(C) = 1 ® C + C ® e 2zP + §P ® e zP P' - f D' <8> e zP (P + zD'M), 



[D, P] = i(l - e* p ) [P, if] = if [if, P] = Me 2P [M, • ] = 
[P, P] = -2H [D, C] = 2C- \KD' [H, P] = 
[p, <7] = |(1 + e-* p )P' - |M + ^PP [P, C] = -f P 2 
[P, q = -1(1 + e 2P )P - le zP MD' [P, P] = 1(1 - e -* p ), 



;i.s) 



2^ 1 / 2 

where D' = D + ~M. We deduce the quantum SE with pw(«S) as its quantum 
symmetry algebra. A differential- difference realization of ( [L.5[ ) reads 

P = 9„ P = <9 t M = m 

K = -t\{l - e~ zdx ) - mxe z9x D = 2td t + x\{e zdx - 1) - a 

C = t 2 d t e~ z9x + tx (^smh.zd x — zmd t e z9x ^j + \mx 2 e zdx (1.6) 

-\t {a(l + e"**) + (1 + |m)(l - e"**)} 
+ \zm{\ + a — \m)xe zdx . 
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At the level of commutation rules ( |1.5[ ), the Galilei structure remains as a subal- 
gebra and its deformed Casimir is E z = -%(1 — e~ zP ) 2 — 2MH. We define a space 
discretization of the SE as the action of E z on <p(x,t) through (|1.6| ), that is, 

(^(1 - e~ zd *) 2 - 2md t ^j <P(x, t) = 0. (1.7) 

By construction, the Galilei generators {K, H, P, M} are symmetries of E z . For the 
dilation we obtain from the commutation rules ( |1 . 5|) that [E z , D] = 2E Z , so it is also 
a symmetry. For the conformal transformation we have 

[E z , C] = -K(l - e- 2zP ) /z + M- 2MB - 2zMKH. (1.8) 

By introducing the quantum realization ( |1.6| ) we get 

[E Z ,C] = {t{e~ zd * + 1) - zmxe z9 *} E z + m(l + 2a). (1.9) 

Therefore we have to set a = —1/2 in order to obtain C as a symmetry. 

2 A time discretization of the Schrodinger equa- 
tion 



We consider now the quantum Schrodinger algebra [§J U^(S), associated with the 
(nonstandard) classical r-matrix r = zH A (D + \M) = zH A D': 

A(H) = 1®H + H®1 A(M) = 1 ®M + M® 1 
A(P) = 1 ® P + P®e~ zH 

A(K) = I ® K + K ® e zH - zD' (g) e 2zH P (2. 10) 

A(D) = 1®D + D(g) e 2zH + \M® (e 2zH - 1) 
A(C) = 1 ® C + C ® e 2zH - \D' <g> e 2zH M } 

[D 1 P] = -P [D 1 K] = K [K,P] = M [M, • ] = 

[D ) H] = \{l-e 2zH ) [D,C] = 2C + z(D') 2 [H,P} = 

[H,C] = D + \M{l-e 2zH ) [K, C] = \[P>K + KD + KM) 1 1 

[P, C} = -K- \{DP + PD + PM) [K, H] = e 2zH P. 

A realization of U^(S) reads (b = m/2 — 2): 
H = d t P = d x M = m 

K = -(t + 2z)e 2zdt d x -mx D = (t + 2z)\(e 2z8t - 1) + xd x - a . . 
C = (t 2 - 2zbt)±(e 2zdt - 1) + txd x -at+ fx 2 - 2z(b + l)e 2 ^ ( j 



-§:r 2 <9 2 — 2(6 — a + |)x9 x — |(6 — a) 2 



The deformed Casimir for the Galilei sector is E z = P 2 — M-(l — e 2zH ); its 
action on <p(x, t) through ( |2.12| ) leads to a time discretization of the SE: 

d 2 -mUl -e- 2z9t )^j (j>{x,t) = 0. (2.13) 



3 



As in Sec. 1 the generators {K, H, P, M, D} are easily shown to be symmetries 
of this SE. For the conformal transformation, we find that 

[E z , C] = -{KP + PK + 2MDe~ 2zH ) + M(M + 2)(1 - e- 2zH ) 

-z(DP 2 + 2PDP + P 2 D + 2P 2 M)/2. (2.14) 



Now adopting the quantum realization (|2.12j) : 



[E z , C] = 2{t + 2z- zxd x )E z - z {m + 2(1 - a)} d 2 x 

+m(l + 2ae- 2z9t ) +m(m + 2)(l- e- 2z8t ), (2.15) 

and setting again a = — | gives us [E z , C] = 2 |t + |(1 — m — 2xd x )} E z . 

Finally, we recall that there exist other quantum SE [[5], ||, 0] although without 
a known associated Hopf structure. 
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